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AERONAUTIC SYMBOLS 
1. FUNDAMENTAL AND DERIVED UNITS 
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<L 
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Do 

Di 
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Length 
Time__ 
Force-. 

Power, 
Speed _ 



Symbol 



Metric 



I 
t 

F 



P 
V 



(nit 



meter 

second 

weight of 1 kilogram _ 



horsepower (metric) _ 
f kilometers per hour. 
\ meters per second 



Abbrevia- 
tion 



m 

s 

kg 



kph 

mps 



English 



Unit 



foot (or mile) 

second (or hour). 
weight of 1 pound 

horsepower 

miles per hour 

feet per second 



Abbrevia- 
tion 



ft (or mi) 
sec (or hr) 
lb 



hp 

mph 

fps 



2. GENERAL SYMBOLS 



Weight = mg 

Standard acceleration of gravity =9.80665 m/s 2 
or 32. 1740 ft/sec 2 

Mass=— 

g . . 

Moment of inertia = mk 2 . (Indicate axis of 

radius of gyration k by proper subscript.) 
Coefficient of viscosity 



v Kinematic viscosity 

p Density (mass per unit Volume) 

Standard density of dry air, 0.12497 kg-rar 4 -s 2 at 15° C 

and 760 mm; or 0.002378 lb-fr 4 sec 2 
Specific weight of "standard" air, 1.2255 kg/m 3 or 

0.07651 Ib/cu ft 



Area 

Area of wing 
Gap 
Span 
Chord 

Aspect ratio, g 
True air speed 
Dynamic pressure, 



1w 

it 

Q 



pF 2 



Lift, absolute coefficient C L =—c, 

qS 



Drag, absolute coefficient ( ,,- 



D 

qS 



Profile drag, absolute coefficient ^o^^g 

Induced drag, absolute coefficient C Di 

Parasite drag, absolute coefficient C Dp —^g 

Cross-wind force, absolute coefficient Cc—^§ 
2626° 



3. AERODYNAMIC SYMBOLS 

Angle of setting of wings (relative to thrust line) 
Angle of stabilizer setting (relative to thrust 
line) 

Resultant moment 
Resultant angular velocity 

R Reynolds number, p — where lis a linear dimen- 
sion (e.g., for an airfoil of 1.0 ft chord, 1 00 mph, 
standard pressure at 15° C, the corresponding 
Reynolds number is 935,400; or for an airfoil 
of 1.0 in chord, 100 nips, the corresponding 
Reynolds number is 6,865,000) 
a Angle of attack 
e Angle of downwash 
a 0 Angle of attack, infinite aspect ratio 
at Angle of attack, induced 

a a Angle of attack, absolute (measured from zero- 
lift position) 
7 Flight-path angle 



Dj 
-qS 
D„ 
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SUMMARY 

A fixture is described jor making normal-pressure 
tests of flat plates 5 inches in diameter in which particu- 
lar care was taken to obtain rigid clamping at the edges. 
Results are given for 19 plates, ranging in thickness from 
0.015 to 0.072 inch. The center deflections and the 
extreme-fiber stresses at low pressures were found to agree 
with theoretical values; the center deflections at high 
pressures were 4 to 12 percent greater than the theoretical 
ra/ues. Empirical curves are derived of the pressure for 
the beginning of permanent set as a function of the dimen- 
sions of the plate and the tensile properties of the materia/. 

INTRODUCTION 

The normal-pressure tests of circular plates described 
in this report are part of a program of tests of flat 
plates under normal pressure Unit has been carried on 
at the National Bureau of Standards for the Bureau 
of Aeronautics, Navy Department, since 1927. This 
program was originally intended bo study only rectangu- 
lar plates of dimensions and materials corresponding 
to the plating used in the float bottoms and hull bot- 
toms of seaplanes. The ultimate purpose of the tests 
was the derivation of a design formula or chart for 
calculating the thickness of bottom plating required 
to resist washboarding due to the impact pressure 
upon Landing on and baking off from rough water. 

The pressure required to produce washboarding was 
determined in the laboratory by normal-pressure tests 
of a large number of rectangular plates clamped at the 
edges and of several plates of which the edges were 
Tree to rotate throughout the test. Results of these 
tests will be the subject of a subsequent paper. 

A comparison of the observed deformations of the 
rectangular plates with the deformations derived iron) 
available theories showed both systematic and irregular 
differences. These differences were of sufficient mag- 
nitude to make impossible the derivation of a useful and 
fairly general relation for the pressure at which wash- 
boarding in such plates would become pronounced. 
It was not possible to determine from the work on 
rectangular plates alone to what degree the differences 
were due to a failure to satisfy the theoretical edge 
conditions and to what degree they were due to in- 



completeness of the theory itself, especially in respee 
to giving the stresses in the plate. 

It was believed that more nearly ideal clamping con- 
ditions could be obtained for circular plates. Further- 
more, it was known that the theory of circular plate- 
with large deflections as developed by Way (reference 1) 

would give a rigorous basis of comparison with the 
measured stresses. 
A careful study of the deformation of circular plates 

following Way's theory in the elastic region, it was 
felt, would lead to a better understanding of the mech- 
anism of washboarding and might suggest a successful 
approach to the tests on rectangular plates. 

SPECIMENS 

The tests included seven materials as follows (see 
also table 1): 

24S-RT alclad aluminum-alloy sheets 0.040G to 

0. 0632 inch in thickness 

17S-RT aluminum-alloy sheets 0.0211 to 0.0723 
inch in thickness 

17S-T aluminum alloy sheets 0.0209 to 0.0627 inch 
in thickness 

Low-strength aluminum-alloy sheet of u/iknow u com- 
position 0.015 inch in thickness 

24S-T aluminum-alloy sheets 0.0140 and 0.0184 
inch in thickness 

18:8 stainless-steel sheet 0.0199 inch in thickness 
EH magnesium-alloy sheet 0.0411 inch in tluckness 
All plates had the same diameter for the circular 
periphery along which they were clamped, that is, 5 
inches. The individual plates were identified by letters 
A to S. (See table 1.) 

Tensile properties were determined on coupons cut 
both longitudinally and transversely from the sheet 
from which the plates had been cut. Pairs of 2-inch 
Tuckerman optical strain gages were used to measure 
the strains near the center of the tensile specimens. 
Figures 1 to 7 show the resulting tensile stress-strain 
curves. The yield strengths (0.002-offset method) ob- 
tained from the stress-strain curves are given in table 

1 . Only the magnesium alloy showed practically the 
same tensile properties in a longitudinal and a trans- 
verse direction. The longitudinal tensile yield strengths 

1 
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0.001 aoo/ 

FIGURE 1. -Tensile stress-strain curves of 24S-RT alelad aluminum alloy used in Figure 2:-Tensile stress-strain curves of 17S-HT aluminum alloy used in plates 
plates A, B, and C. 



J), O, II, and K. 




Strain 
0.001 

Figure 3.— Tensile stress-strain curves of 17S-RT aluminum alloy used in plates 
E, F, I, and J. 

for the other materials were from 10 to 26 percent higher 
than the transverse tensile yield strengths. 

TESTS 

LOADING 

In the desigD of the fixture for subjecting circular 
plates to normal pressure particular care was taken to 
approach the ideal end conditions of rigid clamping 
along the periphery of the plate. 

A sectional drawing of the fixture is shown in figure 
S. A top view is given in figure <). The plate speci- 
men A (fig. 8) forms the top face of a chamber C to 
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FIGURE 5.— Tensile stress-strain curves or 24£ 

and Q. 



-T aluminum alloy used in plates P 



ado/ 

Figure 4.— Tensile stress-strain curves of 17S-T aluminum alloy used in plates 
M , and N and of low-strength aluminum alloy used in plate O. 

Steel rings E and G and the spacer F by forces acting 
through the 16 symmetrically placed clamping bars H. 
The symmetrical arrangement with two identical plates 
A and B serves to minimize rotation about the circum- 



which oil pressure is applied through the line D; a 
dummy plate B of the same dimensions and of the same 
material as the specimen forms the bottom face of the 
chamber. Plates A and B are clamped between the 
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Figure 6.— Tensile stress-strain curve of 18:8 stainless steel used in plate K. 

ference of the clamping ring E by the hydrostatic load. 
An approximately uniform distribution of clamping 
forces acting on the plates was obtained, in a peripheral 
direction, by tightening each bolt I acting on the clamp- 
ing bars an approximately equal amount and, in a 
radial direction, by letting the clamping bars act cen- 
trally through the crown of the clamping rings E and G. 
Metal shims K (figs. 8 and 10) twice as thick as the tesl 
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Figure 7.— Tensfle stress-strain curve of EB magnesium alloy used in plate S, 




FIGURE 8.— Vert ical section of plate fixture. 




Figure 9.— Top view of plate fixture. 



plate were placed between the outer end of the clamping 
bars and the reaction ring |_ to level the bars H. A 
series of concentric grooves 0.01 inch deep and spaced 
0.05 inch were cut in the contact surfaces of the clamping 
rings E and G and the spacer F to prevent slipping of 
the plates A and B. 

An over-all view of the test apparatus is given in 
figure 11. A hydrostatic pressure up to 600 pounds 
per square inch could be applied to the plate through 
tube D by means of the hand pump L The pressure in 




Figure 10.— Measurement of elastic constants of plate fixture. 



the chamber C was measured From an independent 
pressure line M by a standpipe Y for pressures up to 1 
pound per square inch, by the Q-tube N for pressures 
from 1 to 20 pounds per square inch, by the Bourdon- 
tube gage V for pressures from 20 bo 100 pounds per 
square inch, and by the Bourdon-tube gage W for pres- 
sures from 100 to 300 pounds per square inch. The 
error in reading pressure was estimated as less than 
0.01 pound per square inch in the case of the standpipe, 
less than o.l pound per square inch in the case of the 
T-tuhe. and less than 1 pound per square inch in the 
Bourdon-tube gages V and W. Approximate values of 
pressure above 300 pounds per square inch were ob- 
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tained from the Bourdon-tube gage X mounted on the 
hand pump. 

The loading fixture was proof-tested by subjecting a 
pair of 0.06-ineb aluminum-alloy plates to a pressure of 
600 pounds per square inch. This pressure was suf- 
ficient to "dish in" the plates far beyond the elastic 
range; nevertheless, there was no sign of slipping at the 
edge and there was only a negligible amount of leakage. 
The pressure could he maintained with a small amount 
of pumping after the creep due to yielding of the plate 
had become small. 




FlOUEB ll.— Plate fixture, pump, and pressure gages. 

[f slipping is neglected, the principal deviations from 
the conditions of an ideally clamped flat plate are prob- 
ably due to one of the following effects: 

A. The setting up of initial tension (or compression) 
in the plate during the clamping in the fixture. 

R. The rotation of the clamping rings E and G (fig. 
8) as caused by the bending moments set up at the pe- 
riphery of the plate due to the normal pressure. 

C. The contraction of the diameter of the clamping 
rings by the membrane tension present in the plate 
under load. 

I). Deviations from flatness at no load. 

The effect of the first three deviations from ideal 
conditions on the center deflection of the plate is dis- 
cussed in appendixes A, B, and C and, on the basis of 
these discussions, three "deviation indices" are derived 
for the relative deviation from ideal behavior. Devia- 



tions from flatness arc discussed for the special case 
of initial bowing into a spherical surface in appendix 1). 

Effect A will cause a decrease in center deflection at 
low loads (w 0 //kC<0) given approximately by equation 
(A7) in appendix A: 

where 

Aw f) = w 0 —w 00 

w 0 c( 4 nter deflection with a uniform membrane tension 

a, due to clamping 
w 00 center deflection for ideal clamping {<j,- ()i 
E Young's modulus of plate material 
ix Poisson's ratio of plate material 
(/ radius of plate 
// thickness of plate 

Effect A causes a decrease in center deflection of an 
elastic circular membrane (that is, circular plate with 
large deflections before yielding! given approximately 
by equation (A21): 

_/ Sw„ \ _ \ — fx a, (i- 
\w 0 o)a~~ 2 Kw 0 2 



(lb* 



that is. the effect decreases inversely with the square 

of the center deflection. 

EfTect B will cause a 
given approximately by 



n increase in center deflection 
equation (BIO) 



/ _\t v x Eh 



(2) 



where X is the rotation of clamping ring due bo unit 
moment per unit length of clamping edge. 

Effect C will cause an increase in center deflection. 
If the plate behaves like an elastic membrane, this in- 
crease is given approximately by equation (C14) 

:hE 



/AwA = 1 
\v>J n 3 



(3) 



where k is the specific contraction of diameter due bo 
unit radial force per unit length along clamped edge. 

The effect 1) will generally cause a change in center 
deflection of the plate as an elastic membrane. It has 
no effect on the deflection due to bending which pre- 
dominates in the Kirchhoff range {w 0 /h < <1). If the 
plate is initially bowed into a spherical sin-face with 
center deflection W is the increase in deflection as an 
elastic membrane {w 0 /h > > 1) is given approximately 
by (D6) 

2 Wi_ _ 2 Wj /Wo 

3 w~~Z h I h 



(4) 



Initial bowing into a spherical surface will have a small 
effect on the deflection as an elastic membrane, provided 
that the initial center deflection is small compared with 
the thickness of the plate. It is believed that this con- 
dition was satisfied by most of the plates tested. The 
estimated initial center deflection is given in the last 
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column of table 2. It was loss than 10 percent of the 
plate thickness except for plates K, M, O, P, and R. 

The spring constants X and k a it characteristics of 
the tesl fixture. They were determined experimen- 
tally as described in appendixes B and V with the result 

X=1.3X10-(|) 

k= 2X10- 8 (^ 

Substitution of these values in equations (2) and (3) 

gave the values of ( A?/ M and listed in 

table 2. The effect on the center deflection is less than 
I percent in every case. It may be concluded that the 
fixt nre provides a close approximation to rigid clamping. 

Two methods were used for computing the relative 
increase in center deflection (la) due to membrane 
-i resses set up by the clamping procedure. In the case 
of plates with thickness above 0.04 inch, the deviation 
(la) was computed as outlined in appendix A (discus- 
sion of equation (A22)) from the initial slope of the de- 
flection-pressure curve and from the known value of X. 




Figure 12.— Measurement of deflection of plate. 



A different procedure was applied for plates of thickness 
less than 0.04 inch because accurate values of initial 
slope were not available. In the case of these plates, 
tin 4 effects B and C were neglected and (la) was taken 
as the deviation from the theoretical deflection accord- 
ing to Way's theory for an ideally clamped circular 
plate (reference 1). The resulting deviations in the 
Kirchhoff range (w 0 /h < < 1) are shown in the third 
column of table 2. They ranged from 4n percent to 



50 percent. The deviation was less than 10 percent for 
only 8 of the 19 plates tested. The formula indicated 
an initial tension (Aw a /w 00 ) A < 0 in 13 plates and an 
initial compression (Aw 0 /w 00 ) A >0 in 3 plates. 

DEFLECTION 

The deflection of the plates was measured relative to 
the "strain-free" circular reference frame A, (fig. 12) 
by means of a dial micrometer B 5 . The helical plunger 




-8 -.4 0 .4 .8 

Ratio , r/a 

FlOUBE 13. Change in shape of deflection curve with pressure in the elastic ranw. 
riatc M; h, 0.032 in. 

springwas removed from the dial so that the force on 
the plate was little more than the weight of the plunger 
and ball-pointed extension. The dial was mounted so 
that it could be located along any diameter in steps of 
1 j.. inch by menus of the eircumferentially notched bar 
H, in the V-notched support I, and indexing rings G, 
and G_.. The outer ring G. was supported on three 
posts D,, Ei, F, that rested on steel balls whose sockets 
constituted a point-line-plane support. 

The smallest subdivision on the dial gage indicated 
'inoo inch Readings on a given plate could be re- 
pented within this value. The error in reading caused 
by the fact that the support points of the reference 
frame were at D,, E,, and F, (figs. 8 and 12), instead 
of at the rim of the plate was estimated by observing 
the deflection ol the rim with increasing pressure. A 
deflection of less than tfooo inch was observed on a 
0.050-inch aluminum-alloy plate at a pressure of 300 
pounds per square inch. 

As the pressure increases, the shape of the deflected 
surface changes from thai typical of a heavy clamped 
plate with zero slope at the edges to that characteristic 
of a thin skin. This transition is brought out clearly 
in the plot of figure 13 giving the ratio of 1 he measured 
deflection to the center deflection for plate M at pres- 
sures of 2 and of 30 pounds per square inch. 

In the case of most of the circular plates tested only 
the variation of center deflection wit 1 i pressure was 
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measured. After every second or third reading of 
(•(Miter deflection, the pressure was reduced to a low 
initial value and the permanent set at the center was 
measured. Figures 14 to 20 show curves of total deflec- 
tion and of permanent set at the center obtained in 
this manner for the 19 plates tested. 



At Low loads the center deflection was found to in- 
crease directly with the pressure; it increased more 
slowly as the membrane stresses became important 
and it approached a linear variation with pressure as 
yielding in the plate became pronounced. The per- 
manent set at the center increased at an increasing 




Pressure, Ib/sq in. 

FIGURE 1 4.— Normal-pressure tests of 24S-RT alclad aluminum-alloy plates A, B, FlOUBE 15.— Normal-pressure tests of 17S-RT aluminum-alloy plates D, E, F, 0, 

and C. H, I, J, and K . 




Pressure, Ib/sq in. 

FIGURE 16.— Normal-pressure tests of 17S-T aluminum-alloy plates L and M. FIGURE 17.— Normal-pressure tests of 17S-T aluminum-alloy plate N and of low- 

strength aluminum-alloy plate O. 




Pressure, Ib/sq in. 



Fk.i ke 18.— Normal-pressure tests of 24S-T aluminum- Figure 19— Normal-pressure test of 18:8 stainless-steel Figure 20.— Normal-pressure test of EH magnesium- 
alloy plates P and Q. plate R. alloy plate S. 
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rate and, except for plates 0, l\ Q, and R, approached 
a straighl line that was nearly parallel to the asymptotic 
straight line for the total deflection at high pressures. 
The intersection of the first straight line with the 
horizontal axis defines a pressure that has been sug- 
gested by Mr. R. D. MacCart as a convenient measure 
of yielding in the plate. This pressure is referred to 
as the "Navy yield pressure." The permanent set 
corresponding to this pressure was found to range from 
0.002 to o.ooi) inch. The Navy yi.-ld pressure was m 
no case greater than the pressure corresponding to a 
permanent set of [£ 0 o the diameter of the plate (0.01 in.).. 
This pressure and tin* pressure for a set of %oo the 
diameter (0.025 in.) are also given in table I. 




Fi<; L'RE 21..— Strain measurements on plate M. 
STRAIN 



Surface strains were measured on the 0.032-inch 
17S-T aluminum-alloy plate M with L-inch Tucker- 
man strain gages placed directly on the surface of the 
plate (fig. 21). The strain readings were corrected for 
the apparent strain due to bowing of the plate between 

gage points by adding a term <^(j^) where / is the gage 

length (1 in.) and r is the average radius of curvature 
of the plate between gage points (obtained from the 
deflection curve of the plate). A derivation of this 
correction will be found on page 7 of reference 2. 

Figure 22 shows the average radial strain over a 
1-inch gage length at a point 1.5 inches from the center 
of the plate as a function of the pressure for a diameter 
in the direction of rolling and a diameter at right angles 
to that direction. The strain in the direction of rolling 
was found to be consistently smaller than that across 
the direction of rolling; the difference between the two 
reached about 5 percent at high pressures. 

The surface ±\r;\\n* shown in figure 22 arc average 
values over a gage length of 1 inch, that is, over a 

477582—43 2 



length (hat was 40 percent of the radius of the plate. 
Local values of radial strain on another 0.032-inch 
17S-T aluminum-alloy plate M/ were obtained within 
the elastic range by measuring average strains on 
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Ficure 22.— Observed strain on plate M under normal pressure Average values 
over a 1-inch page length. 

overlapping gage lines and then applying the relations 
derived by Greenspan (reference \\) for determining a 
function from a set of measured mean values of thai 
fund ion. 

■0006m 1 \ i 1 1 \ 1 \ r-i 




2 10 1 ~2 ^ 

Inches from center, r 

PlGURI 23.— Kadial strain in 17S-T aluminum-alloy plate. Plate M'; h. 0.032 in., 
top surface. 

Figure 23 shows the distribution of radial surface 
strain in the plate for a number of pressures within the 
elastic range. The curves show that, with increasing 
pressure, the point of inflection marking the transition 
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from tensile bo compressive strains moves toward the 
edge of the plate. 

Strains over a 0.1-inch gage length at the center of 
the plate on another 0.032-inch 17S-T plate M" were 
measured by a Meisse transfer (reference 4) combined 
with a l-inch Tuckermau strain gage. The results are 
shown in figure 24. 

Figures 22 and 24 both show that the strain, like the 
center deflection, increased at a decreasing rate as the 
pressure was increased up to pressures sufficient to 
cause considerable yielding of the material; from this 
point on the strain increased more rapidly. 

ANALYSIS 
DEFLECTION 

The shape of the curve into which an elastic plate is 
deflected by normal pressure changes continuously as 
the plate passes from a condition where practically all 
of the load is carried by bending to one where practically 



.006 



l.004 
^.002 



O 



Strain at pressure below Navy yield point 

n « ' " above * 
-Calculated strain (ret 5) 




20 



100 



120 



JO 60 80 

Pressure, Ib/sq in. 

Figure 24.— Radial strain near center on 0.10-inch gape length of 17S-T aluminum 
alloy plate. Plate M": fc, 0.032 in. 

all of the load is carried by membrane action. The 
ratio w 0 /h of center deflection W 0 to plate thickness h 
can be used as a parameter to describe the change in 
shape of the deflection curve. If w 0 /h <<1 the de- 
flection is that for a Kirchhoff plate with clamped edges 
(see reference 5, p. 56) 



(5) 



while if ii' 0 //i>>l the deflection is that for a thin skin 
whose shape is according to Hencky (reference 6), for 
M = 0.3, 

... „2 ,v,4 v.6 ~.8 

^=1-0.886-2-0.088-1-0.020-5-0.00(3-^- . . . (6) 

The deflection curves corresponding to these two ex- 
treme cases are shown in figure 13, together with ex- 
perimental values for a plate without appreciable 
permanent set at the center and with ratios W 0 /h= 
0.72, w 0 /h = 3.V2. 

There will be a further change in the shape of the de- 
flection curve as yielding becomes appreciable. If the 
yielding is localized near the edge of the plate as in a 
relatively thick plate (^/a>0.025), the shape of the 



deflection curve will approach that of a plate with 
freely supported edges (see reference 5, p. 57) 



—=1-1.245^+0.245^ 
to, a a* 



(7) 



In a very thin plate the yielding will quickly spread 
over the entire plate, which will then tend to go into a 
spherical surface like ;i membrane under constant ten- 
sion. The shape of tin 1 deflection curve is given by 



w _ r 



(8) 



Both these curves are shown in figure 25 together with 
experimental deflection curves for a thick 17S-T 
aluminum-alloy plate (&/a=0.0356, t0,/fc=1.313) and 
for a thin plate of the same material (&/a=0.0128, 
w 0 A = 5.01). Most of the plates tested for the present 
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Figure 25.— Shape of deflection curve with large amount of yielding. 

investigation approached the condition of a membrane 
described by equation (8) as the pressure was increased. 

The relation between center deflection and pressure 
for an elastic plate of medium thickness with clamped 
edges has been investigated by approximate methods 
by a number of authors. Nadai (reference 5, p. 297, 
equation (57)) derived the relation 



(9) 



by solving the differential equation for a plate with 
huge deflection subjected to a nearly uniform pressure 
distribution. Timoshenko (reference 7, p. 319, equation 
(219)) derived 



£+Kx)*-?6K0V,.') a.) 

on the basis of an assumed radial displacement com- 
bined with energy considerations. Fcderhofer (refer- 
ence 8) derived 

w 0 (19-9m)(1+ m)/w,V_ 3 P(a\ n * n n 
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from the differentia] equation of the problem together 
with a suitable assumption for the radial distribution of 
membrane tension. For ^=0.3 the coefficient of 
c/\, h) z beeomes 0.529, which is between the correspond- 
ing \alurs of equations (9) and (10). A procedure 
analogous to FoppFs solution (reference 9, p. 230) for 
tlx 1 center deflection of a rectangular plate (appendix 
E) gives 

Boobnov (reference 10) solved the differential equa- 
tion of a circular plate of medium thickness with 
clamped edges upon the assumption that the mem- 
brane tension is constant throughout the plate. An 
"exact" solution of the differential equation for a 
circular plate with clamped edges was first obtained 
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Figure 26.— Variation of elastic-center deflection with pressure. Theoretical: 
A Nadai, equation (9). (See reference 5.) 
B Timoshenko, equation (10) (See reference 7.) 
C Federhofer, equation (11). (See reference 8.) 
D Extension of Foppl's method, equation (12). (See reference 9.) 
E Boobnov. (See reference 10.) 
F Extension of Nadai's method. 
G Way's theory. (See reference 1.) 

by Way (reference 1). Way's solution as well as the 
approximate solutions (9) to (12) and Boobnov's solu- 
tion are shown graphically in figure 26 for the special 
case ju = 0.3. The six curves differ from each other 
by less than 6 percent. Observed values of center 
deflection are shown as open points for pressures at 
which the permanent set was less then 1 r>()() the diame- 
ter of the plate and as solid points for greater pressures. 

It is seen that the experimental deflections consist- 
ently exceed the theoretical values by 4 to 12 percent 
for pa A /Eh 4 ^>\5. At low pressures the theoretical 
curves and the experimental points are in agreement. 



STRESSES 

The stresses in a circular plate with clamped edges 
under normal pressure have been evaluated from the 
theory by Way (reference 1) for center deflections up 
to 1.2 times the thickness of the plate. An extension 
to greater values of wjh seemed desirable since some 
of I hie plates tested at the National Bureau of Standards 
(for example, plate El) were still nearly elastic, that is, 

showed negligible permanent set, at w 0 !h=4. It was 
decided, accordingly, to extend Way's solution, but 
this extension was not carried beyond w 0 /h=\J) be- 
cause of the excessive amount of computation in- 
volved. 

It appeared necessary to resort to one of the approxi- 
mate theories cited Preferences 5, 7, 8, 9, and 10 in 
order to estimate the stresses for w 0 /h^>1.5. Examina- 
tion of these approximate 4 theories showed that only 
Nadai's approximate theory gave stresses in close agree- 
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FlGUSB 27. — Stresses in a circular flat plate under normal pressure by Nadai's method 
(reference 5). 
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ment with the values given by Way's theory. This 
result was to be expected since Nadai's theory is the 
only one of the approximate theories that gives a solu- 
tion of the differential equation for a plate with large 
deflections. It differs from Way's solution only in 
assuming a convenient but not quite uniform pressure 
distribution while Way solved for a strictly uniform 
pressure. 

The calculations by Nadai's theory were accordingly 
extended to values of w 0 /h = 4. (At w 0 /h=4:, the as- 
sumed pressure deviated from its average value abort 
2f) percent at the center and about 5 percent at the 
edge.) The resulting pressure deflection curve is shown 
as curve V in figure 26. It agrees with those given by 
equations (9) and (12). The extreme-fiber bending 
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stresses and the median-fiber tensile stresses in a radial 
direction for the center of the plate and the edge of the 
plate arc plotted against the center deflection in figure 



1 1 is evident from figure 



lat N&dai's and Way's 



theories are in good agreement. 

The plate with large deflection, just as the Earchhoff 
plate, is most highly stressed along the clamped edge 
and the maximum radial stress is about three times as 
large as the maximum stress at the center for w 0 /h = 4. 
The median-fiber tension at the center exceeds the 
extreme-fiber bending stress for w 0 /h>2. At the edge 
the extreme-fiber bending stress is more than five times 
as large as the median-fiber tension even for w 0 /h = 4. 

Radial strains e r , calculated from the stresses accord 
ing to Way's theory and according to Nadai's theory 
(fig. 27) by substitution in 

where <r, is the radial stress and a, the tangential stress, 
are compared with measured strains for plates M' and 
M", in figures 23 and 24. The theoretical strains ex- 
ceeded the observed strains for plate M' and they were 
less than the observed strains for plate M". The dif- 
ferences may be due to differences in clamping condi- 
tions. Curves of center deflection against pressure 
from which such differences could be estimated were 
not obtained for these two plates because the strain 
gages interfered with measurement of the center de- 
flection. 

PERMANENT SET 

Theoretical values for the pressure at which permanent 
set at the center became noticeable were derived as 
follows: It was assumed that the beginning of perma- 
nent set would be associated with yielding either along 
the edge of the plate or at the center of the plate and 

that this yielding could be computed from the theoreti- 
cal stresses upon the assumption of the von Mises- 
Hencky theory of plastic failure. According to this 
theory (reference 11, p. 73) plastic action will begin 
under the action of principal stresses <r u a 2 , c 3 when 

(cr l -^ 2 ) 2 +(a 2 -a,y+(cr 3 -a ] y = 2cr y 2 (13) 

where a y is the stress at which plastic net ion begins in 
simple tension. 

Al the edge of the plate 

=0 



op 



,02— CT tc — lX(T Tn <Tz~ 



II 



w here 

a n . extreme-fiber stress in radial direction at edge of 

plate on concave side 
a,, extreme-fiber stress in tangential direction at edge 

of plate on concave side. 
The value of a,, must be equal to \xa Tl since the tan- 
gential strain (a te — ^ r( )jE is assumed to be zero for 
perfect clamping. Substitution of equation (14) in 
equation (13) gives, with m=0.3, 



Ii follows lhal 



Eh* (K ' /•: lr 



According to figure '27. "j'"/^ a function of the center 
deflection ratio w„/li and hence, according to figure 20, 
a function of the pressure ratio ^ The resulting 



(15) 



(16) 



relation between a p and is plotted as curve A 

to log-log scales in figures 28, 29, and 30. 

The theoretical pressure for yielding at the center 
may be computed in an analogous manner. The 
principal stresses in the plane of the plate are equal at 
the center so that equation (14) should be replaced by 

G\ = G TO , (I* — Gtoi 03 == O (1 0 

where <r ro is the extreme-fiber stress in a radial direction 

at the center of tin* plate, On the convex side. Sub- 
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stitutiou of ('(inatioii (17) 
equa 1 ions ( 1 f>) and ( 1 (>') 

# A 2 " 



in 



(13) gives, in place of 



(Tro a/_ 

E h 2 



(18) 



The corresponding relation between^ ^ and g ^ 

is shown as curve B in figures 28, 29, and 30. 

A comparison with the experimental yield pressures 
given in table 1 was made as follows: The stress a y , 
that is, the stress at which plastic action begins in ten- 
sion, was replaced by the average of the conventional 
tensile yield strength in a longitudinal direction and in 
a transverse direction (table 1). The pressure for the 
beginning of plastic action was replaced by the Navy 
yield pressure in figure 28, by the pressure for a set at 
the center of 1/500 the diameter in figure 29, and by the 
pressure for a set at the center of 1/200 the diameter in 
figure 30, 

The observed points for the eight 17S-RT plates fall 
closely on a single straight line. If the observed points 



for the other plates tested are also included, they may 
all be represented approximately by a straight line C 
that lies between the theoretical curves for yielding at 
the edge (curve A) and yielding at the center (curve B). 
Examination of figures 28 to 30 shows that for values 
of o-,/r FJr up to SO the lino C gives the measured Navy 
yield pressures within ±43 percent, the pressure for a 
set at the center of 2a 500 within ±34 percent, and the 
pressure for a set at the center of 2a/200 within ±42 
percent. 

A larger scatter was found for the very thin plates 
(<r y a 2 /Eh 2 ^> 80) in which the initial tension due to clamp- 
ing and the deviation from perfect flatness are likely to 
be largest. A large scatter is to be expected because of 
the use of the tensile yield strength as the parameter 
characterizing the beginning of plastic action of the 
material in the plate. This result leads to a particu- 
larly large error in the case of the alclad material, in 
which yielding on the surface 4 of the plate may take 
place at relatively low pressure, although the "average" 
yield strength as determined by the tensile tost may be 
relatively high. This view is supported by a compari- 
son of tensile yield strengths and pressures for yielding 
(table I) for the 24S-RT alclad plates and the 17S-RT 
aluminum-alloy plates. The tensile yield strengths of 
the 17S-RT material are about 9 percent lower than 
those of the 24S KT alclad material and yet the 17S- 
RT plates have yield pressures that exceed those for 
the 24S-RT alclad plates by amounts up to 22 percent. 

Another description of the experimental data in 
figures 28 to 30 was obtained by making use of the 
experimental result (figs. 31 to 33) that the yielding 
began when the center deflection of the plate reached 

a value which was roughly independent of the thickness 
and of the material of the plate. This value was 
about 0.11 inch for the Navy yield pressure (fig. 31), 
about 0.12 inch for the pressure corresponding to a set 
of 1/500 the diameter (fig. 32), and about 0.14 inch for 
a Bet of 1/200 the diameter dig. 33 . 
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The foregoing experimental result may be tnathe- 
ma 1 icall y expressed by saying that yielding began when 
the ratio 

-?=consl (19) 

Examination of figure 27 indicated that a relation of 
this type should hold approximately at large center 
deflections both if the yielding is assumed to begin 
when the median-fiber strain at the center reaches a 
critical value and when the extreme-fiber bending st rain 
at the edge readies a critical value. 

A relation between yielding pressure and plate thick- 
ness may be obtained by inserting equation (19) in 
the relation between pressure and center deflection. 
This center-deflection relation is. according to equa- 
tions (9) to (12), of the general type 



where k\ and are constants. Elimination of w t 
( L9) and (20) gives the desired relation 



I mm 



(21) 



where k$ and /* 4 are again constants. A determination 
of these constants by least squares to give the best fit 
to the observed values of plE gave 

For Navy yield pressure 

10 6 -g=1.93( K)(/ ) + 0.274( LOojj ) (22) 
For pressure at set=2a/500 

10 6 -g=2.78^100^+0.226^100-^ ) 
For pressure at set=2a/200 

L0 6 -| 4.45^1 00^)+0.19c(l00^ ) 

Equations (22) to (24) are shown together with the 
observed points in figures 34 to 36. The scatter is of 



(£3) 



(24) 



the same order as that for the more rational curves 
given in figures 28 to 30. 

The principal difference between straight lines C in 
figures 28 to 30 and the empirical relations (22) to 
(24) is that the empirical relations do not involve the 
yield strength of the material. Their applicability to 
the present series of plates is explained by the fad 
that the strain defined by <r vie idlE is roughly constant, 
about O.OOo, for the materials investigated (table I). 
The scatter is reduced if the points for plates () and S, 
which had values of GyuulE of about 0.004, are omitted. 
It is safer to use the straight lines ( 1 (figs. 28 to 30) in 
the cases where v v uu\E differs greatly from 0.005. 

The points for plates H, M, 0, I\ Q, and R that had 
deviation indices greater than 20 percent according to 
table 2 are labeled in figures 28 to 36 for comparison 
with the points for the rest of the plates. It will be 
noticed that the scatter of points about a common 
curve would have been reduced by leaving these points 
out of consideration. 

APPENDIX A 

DEVIATION FROM IDEAL CLAMPING DUE TO INITIAL 
TENSION (OR COMPRESSION) IN PLATE 

The plate may be in a state of initial tension or com- 
pression due to the clamping procedure or due to dif- 
ferential expansion as the result of temperature changes. 

Initial tension will lower the deflection of the plate 
in the Kirch hod" range, that is, at sufficiently low 
loads to make w 0 /h^>^>l, by an amount that may be 
estimated from Nadai's analysis of a plate under normal 
pressure p and under a uniform compression of n units 
of force per unit length of circumference. The deflec- 
tion at a point a distance r from the center of such a 
plate is, according to Nadai (reference 5, p. 200), 

' 2 \2[J 0 {ar)-J 0 (aa)\ 



pa L 

4c?Nl otaJ x (aa) 



(Al) 
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where 

j) aormal pressure 
a 2 n/N 

Afflexural rigidity of plate [M 3 /12(l-/x 2 )] 
E Young's modulus of plate material 
id Poisson's ratio of plate material 
// thickness of plate 

and Jq and J { are Bessel functions of the first kind 
giveD by I he scries expansions 



3! 2 V2 



+ . . . (A2) 



Substituting 



n 

N~ 



2x2x3(2) • • •] (A8) 

(A4) 



<T f h 



where <r< is the initial membrane stress, in (Al) and 
carrying out tin 1 series expansions (A2) and (A3) leads 
to the following approximate 1 expression for the deflec- 
tion in the KirchhoM' region 



ir 



The center deflect ion is 



W '« =w(0) = «4AV- 72 N ) 



5) 



(A6) 



' "\.„ / , 



If »•„„ denotes the center deflection in the ideally 
clamped plate (h—0) the relative increase in center 
deflection due to iniii;il tension is given by 

-w-oV' ~ 72 ~/V~ ~ -1.88«(l-|i >jjp CAT) 

The relative increase in radial bending moment at 
the edge of the plate due to the tension n may be cal- 
culated from (A5) as follows: The radial bending mo- 
ment at any point in the plate is (reference 5, p. 57) 

m 'V = -*\l?HTr) (AS) 
Substituting (A5) in tliis equation gives: 



m r {r) = - 



64 

[- 



-4(1+m)+4(3+m)^-^ 

2 

6(l+M)+9(3+M)^-12(5+/i) 



The radial bending moment at tin* edu'c is 



-w--f[i+Aa ■ 



3 
1 



Am 



(A10) 



and the relative increase in radial bending moment over 
the bending moment m ao for an ideally clamped plate 
(7i = 0) becomes 



/ Am A 



The effect of the initial tension a, in decreasing the 
center deflection at high pressure for which the plate 



approaches the condition of a circular membrane is 
given approximately by substituting a, in (C4). 



^=£ (A12) 

where 

a=<T,r+cr, (Al3) 

is the membrane stress in the plate at the deflection 
considered, consisting of the membrane stress a w due 
to the deflection w 0 at the center and the initial tension 
d ( . The relative increase in center deflection over a 
membrane with zero initial tension is then given by 

AW 0 _<T 0 — <J <T„— (<Ttr+<T,) 



(A14) 

An approximate value for the membrane tension <r w is 
obtained by considering the membrane to deflect into 
a spherical surface. This surface coincides, for ratios 
w>ola <C<C 1? with the parabolic surface 

w=^l-~) (Air,) 

The bowing will set up an average tensile strain 

*w= a (ds—dr)=- I (^/dvf+dr 2 —(/r) 

r=o r =0 



This strain corresponds to an average tensile stress 



0"u? — r 



In particular 



that 



2 ff 

I 1 — jtt 0* 

2 ^ 

3 1— /x Gf 2 



(A17) 



Als, 



Substitution of this expression in equation (Al4), as- 
suming that (Aw 0 /w 00 ) 2 << 1, gives an equation that 
may be solved for Aw 0 /w uo with the following result : 



Aw„ 



3<r a +<r< 

Substitution of (Al8) in (A20) gives 



(A20) 



1 



y^-ia^Ji (A2D 



1 + 



t— fi <r t a 2 



The relative effect of the initial tension on the center 
deflection decreases with the inverse square of the 
center deflect ion. 

An estimate of n = a t h was obtained from the ob- 
served initial slope w 0 lp of the curve of center deflection 
against pressure upon the assumption that this slope 
would be equal to that for an ideally clamped plate ex- 
cept for the correction due to rotation of the clamping 
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edges and due to the initial tension. The initial tension 
per unit length n is then from (BIG) 

n= nV 1+ — " if p «v (A22) 

where w 0 /p denotes the measured initial slope of the 
curve of center deflection against pressure. 

The values of n derived from (A22) were substituted 
in (A7) to give the deviation indices (Aw 0 /w 00 ) A that 
are listed in table 2. 

APPENDIX B 

DEVIATION FROM IDEAL CLAMPING DUE TO ROTATION 
OF CLAMPING RING 

Rotation of the clamping rings E will have the great- 
est percentage effect on the deformation of tbe plate 
at low loads for which the Kirchhoff theory holds. 
The effect becomes negligible as the plate approaches 
the condition of a membrane at high pressures. 

The deflection w(r) of a circular plate clamped in 
torsion ally elastic edges may be considered as the 
resultant 

w=Wi-\-w 2 (Bl) 

of the deflection u\ of a plate with rigidly clamped 
edges (reference 5, pp. 56-57) 



The center deflection becomes with (B2) and (B3^ 



(B2) 



and of a plate with simply supported edges 
^( / ^ 64jvfl+M) [ (5 + M)fl4 ~ 2(3 + M)a2^^+(1+M), ^ 4 ] 



when 



(B3) 



/>, partial pressure required to produce deflection u\ 
p . partial pressure required to produce deflection w 2 
p total pressure (P1+P2) 

The pressure />, will produce a radial bending moment 
m a per unit length of clamping edge: 

ma=mr{a) = -M- (B4) 



which will cause a rotation of the clamping ring 

Xm e =-^ (Bo) 



where X is the rotation of clamping ring (radians) due 
to unit moment per unit length of clamping edge 

The rotation of the clamping ring (B5) must be equal 
to the slope of the plate at the clamping edge, which is 
from (Bl) and (B3) 

where primes denote differentiation with respect to r. 
Setting this expression equal to (B5) gives 

Pi a 



(B7) 



w o =w(0) = w l (())\ 1 



(5 + /x)XAT j 



(BS) 



The center deflection w„„ for rigid clamping follows 
from (B8) with X=0. The relative increase in center 
deflection for a given total pressure p=V\+P-2 ' s « there- 
fore, 

4\N 



\Woo /B 



. Wo 



1= 



B9 



11- ex- 



for sufficiently small values of ^(^^^ 
pression is approximately 

/AwA 4XjV = XM' (BIO) 

The bending nioment at the edge is from (B4) and 
(B7) 

W " 8 8 V Pi+pJ 

P«f 1 _. 

8 |_ l + (l+M)XiV/a 

nnd the relative increase in bending moment over the 
moment m tt „ for rigid clamping (X = 0) is 

(1+m)XJV/« 



(l+v)\N!a 



i] 



(Bll) 



/ Am A 

\m„A l + (l + M )XW/« 
or for \2V/a« 1 



(B 1 2) 



ea=-«+<^ <»»> 



The spring constant X was determined experimentally 
as follows. A pair of relatively thick aluminum-alloy 
plates (h=0.0627 in.) were clamped in the test fixture. 
A set of small prisms (M, fig 10) were then fastened to 
the clamping ring to measure the rotation of the clamp- 
ing ring out of a horizontal plane, by means of a Tucker- 
man antocollimator. Normal pressure was applied to 
the plate and both the rotation w\ of the prisms and 
the center deflection w u of the plate were measured at a 
number of pressures p. The resulting values were 
found to increase linearly with the pressure so that a 
straight line could be drawn through the points. The 
slopes Wolp and w'Jp of these two straight lines were 
used to del ermine X as follows: 

If it is assumed that the plate behaves like a rigidly 
clamped KirchhoH* plate except for a uniform initial 
tension // and a rotation of the end clamps, the slope 
of the curve of center deflection against pressure is 
given bv 



w 00 + (Aw 0 ) A +(Aw 0 ) fi 



V 



V 



where (Aw 0 /w 00 ) A denotes the deviation for initial ten- 
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sion (A7) and (AwJw 00 ) B the deviation for rotation of 
the clamping rings (BlO). Substituting these devia- 
tions together with the center deflection for the clamped 
plate (see B2) 

(B15) 



gives 



t)4A' 

iv q a 4 T Una 2 4XAH 

p ~64A^L 72 iV f a J 



(B16) 



for the initial slope of the curve of center deflection 
against pressure. The initial slope of the curve for 
rotation of the clamping rings against pressure is given 

by 

w' a== w' (a) = \m a (BIT) 
V V ' P 
where m a is the radial bending moment at the edge of 
the plate. This expression may be written in analogy 
to equation (Bl4) as 

r^^mjr 1+ (*ma\ + /AmA 1 

V V L V Mao/A \ mao/Bj 

where (Am a /m ao )A is Lhe relative increase in edge bending 
moment due to initial tension given by equation (All), 
and (Am a /m ao ) fl is the relative increase due to rotation of 
the edges given by equation (Bl2). Substituting these 
values in (B18) gives 

^=^=->|- 2 [ 1 - 1 - 4 1 8( 13 + 3m)^-(1+m)-^](B19) 

Elimination of n from equations (B16) and (B19) gives 
the following equation for X: 

S4Nw 0 \ , 67 + 7/x \N 1 
11 a J 
(B20) 



Measurements for plate 0 gave 



^=0.00250 cu in., lb and = 
P P 



w 



1()- 7 sq in. /lb 



Substitution of these values, together with the con- 
stants a=2.5 inches; &=0.0627 inch; E= 10.5X10° 
pounds per square inch; and ^c= 1/3 in equation (B20) 
and solving for X gave 

X=1.3X10- 7 (lb- 1 ) 

APPENDIX C 

DEVIATION FROM IDEAL CLAMPING DUE TO RADIAL 
CONTRACTION OF CLAMPING RING 

The clamping ring will contract under the action of 
the membrane tension set up in the plate at high pre- 
sides, and this contraction will reduce the tension in 
the plate and will increase the center deflection corre- 
sponding to a given pressure. 

An approximate estimate of this effect was obtained 
by replacing the plate by a membrane under uniform 
tension, which bulges into a spherical surface with 



center deflection w 0 . The deflection of the membrane 
at a distance r from the center is then 



The curvature of the membrane is 

j_d 2 w_ 2w 0 
R~dr*~~~~a 2 



(CI) 



(C2) 



For equilibrium between the uniform tensile stress a in 
the plate and the external pressure p (reference 12, 
p. 511) 

_pR_ pa 2 



2h 4w 0 h 

so that the center deflection is given by 



pa 1 
4ha 



(C3) 



(C4) 



The membrane stress will cause an elastic contraction 
of the clamping ring given by 

a u —a=a 0 K<j/t (Co) 

where k is the specific contraction along the diameter 
of the membrane due to unit radial tension per unit 
length of clamping edge. 

The center deflection w 00 for an ideally clamped plate 
of thickness h and of radius a y subjected to pressure p 
is, according to equation (C4), 



Pjr,r 
~h4a 0 



(CG) 

The correction in center deflection is, therefore, 

(C7) 



The membrane sti-ess a is related to the membrane 
strain by 

E 



1-M 



(Cs, 



The value of e is given by correcting equation iAl(>) 
for the change in strain Jig due to contract ion of the 
clamping ring 

<=i© 2 -« A * (C9) 

Substituting (C9) in (C8) and solving for a gives 

: T=iKf> <™> 



K h + 



E 



The stress a 0 for a rigidly clamped plate is derived from 
(C10) by making k = 0. It follows that 



(C12) 



The ratio a/a 0 is, from (C5), 

(//V/ y — 1 — aha 
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Substituting (Cll) and (Cl2) in (C7), expanding, and 
neglecting terms that are small of higher order gives 



Aw 0 E , Aw 0 . 

— - = k/i — 2 4k/i a 

W 00 1 — M W*o 



(C13) 



The last term on the right is negligible compared with 
the first term since c«2? so that, in first approxima- 
tion, 

Aw Q _ 1 
w 00 ~3 1 — n 



(C14) 



An experimental estimate of k was obtained as fol- 
lows: A pair of relatively thin plates (A=0.0209 in.) 
was clamped in the fixture. The center deflection w 0 
of the plate was then measured as a function of the 
normal pressure in a range where the plate approxi- 
mated a taut membrane (w o >10A, permanent set at 
center greater than 4h). The values of w 0 thus ob- 
tained were substituted in (C4) to estimate the mem- 
brane stress a. The contraction in diameter 2a 0 — 2a of 
the clamping ring due. to this membrane stress was 
measured by a Tuckerman strain gage (T, fig. 10) with 
a 5-inch gage length. Substitution of the measured 
values of a 0 — a and of o in (C5) gave six values of k 
ranging from 1.9X10" 8 to 2.2X10" 8 inch-pound. An 
average value k=2X10~" 8 inch-pound, was substituted 
in (C14) to obtain the deviation indices (Aw 0 /w 00 )c 
given in table 2. 

APPENDIX D 

EFFECT OF INITIAL BOWING ON CENTER DEFLECTION 
OF CIRCULAR MEMBRANE 

Let it be assumed that a membrane of radius a is 
bowed into a spherical surface with center deflection wt 
at no load. The increase w 0 in center deflection due to 
a normal pressure p is then approximately, according 
to equation (A12), 

(1)1) 



pa- 



where a is the tensile stress corresponding to the strain e 
required to produce the center deflection w 0 . According 
to equation (A16), 

The stress corresponding to this strain will be 

l— ix 31— /x <r L wj 

Substitution of equation (D3) in (1)1) and solution for 

w 0 gives 



r 



3(1-m) P» a 1 



w 0 =\ 8 Eh 



1+2 



1/3 



(D4) 



The corresponding center deflection w 00 for an initially 
flat membrane would be, with 1^=0, 



_ r3(l-/i)pa 4 1 I/3 
00 L SEh 



(D5) 



a j 

and the increase in center deflection due to bowing is 

Aw 0 _w 0 —w 00 



= ( 1+2 ^y ,/3 _i^._2^ (D6) 

Initial bowing into a spherical surface causes a decrease 
in (enter deflection inversely proportional to the center 
deflection due to the load and directly proportional to 
the initial bowing at the center. 



APPENDIX E 

APPROXIMATE RELATION BETWEEN CENTER DE- 
FLECTION AND PRESSURE (FOLLOWING FOPPI/S 
PROCEDURE) 

Foppl (reference 9, p. 2:31) derived an approximate 
relation between center deflection and pressure for a 
square plate of medium thickness by assuming that the 
bending of the plate was proportional to that given by 
KirchhofFs theory while the extension was proportional 
to that for a membrane, so that the total pressure p 
was the sum of the pressure p b resisted by bending and 
the pressure p t carried by membrane action 

V=Vb+lh (El) 
Applying this procedure to a circular plate gives for the 
deflection as a Kirchhoff plate (reference 5, p. 56) 

The center deflection for a circular membrane is, ac- 
cording to Hencky (reference 6), for tx = o:. i >, 



T =0.662ay Mi 



(E3) 



Solving equations (E2) and (E3) for p 0 and p t , respec- 
tively, and substituting in (El) leads to the desired 
relation 



h 



+»-Mf)'=M<i)V--> m 



National Bureau of Standards, 
Washington, D. C, October 10, 1941. 
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Table 1. — SUMMARY OF NORMAL-PRESSURE TESTS OF RIGIDLY CLAMPED CIRCULAR 

PLATES 5 INCHES IN DIAMETER 



\1 lit i*risil 
» i mi i uii 


Plate 


Thickness, 
h (in.) 


Youn 's 
modulus 
(kips/sq in.) 


Tensile yield strength 


XT '11 

IN avy yield 
pressure 

1 1 h fori i rt \ 

un/sq in.; 


Pressure for given set 


Longitudinal 
(kips/sq in.) 


Transverse 
(kips/sq in.) 


Diameter 

500 
(lb/sq in.) 


Diameter 

200 
(lb/sq in.) 


24S-RT aldad aluminum alloy _ . 


A 


0. 0(332 


10. 400 


62.6 


52.0 


90 


107 


159 


B 


.0504 


10, 400 


59.8 


49.5 


64 


74 


120 




C 


.0400 


in. ion 


57.2 


49.2 


42 


57 


91 


17S-RT aluminum alloy. 


I) 


.0723 


10. 300 


55.5 


46.6 


133 


149 


191 




E 


( IlifiS 




51.0 


43.8 


10(5 


119 


157 




F 


!o525 


10. 300 


54.4 


43.0 


76 


95 


127 




G 


.0453 


10, 300 


49.4 


45.5 


61 


76 


99 




1 1 


.0387 


10. 300 


54.2 


46.6 


54 


68 


96 




I 


. 0300 


10, 300 


50. 1 


44.0 


38 


48 


09 




J 


.0257 


10. 300 


52.3 


46.9 


23 


38 


59 




K 


.0211 


10. 300 


53.9 


48.2 


28 


35 


50 


ITS T aluminum alloy 


L 


.0027 


10,500 


50.2 


41.7 


81 


92 


125 




M 


. 0320 


10. loo 


45.5 


37.9 


23 


37 


60 




N 


. 0209 


10. 500 


45. 3 


■ 37.9 


21 


35 


62 


Aluminum alloy 


0 


.0150 


10. 500 


34.5 


31.2 


5 


7 


12 


24S T aluminum alloy 


P 


.0184 


10. 500 


55. 1 


48.0 


21.5 


23.0 


25.0 




Q 


.0140 


10.500 


.50.8 


46. 1 


22. 0 


23.5 


25.7 


18 : 8 stainless steel 


R 


.0190 


b 28. 000 


177 


161.0 


33. 0 


34. 0 


38. 0 


EH magnesium alloy 


s 


.0411 


0, 400 


25.7 


25.6 


24 


24 


31 



« No transverse test was made Tor specimen N. The value given was arbitrarily taken the same as that for specimen M. which was in 
the same shipment of material. 
b Average. 
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2— INDICES FOB DEVIATION 
RIGID CLAMP] NG 



FROM [DEAL 



Plate 


Thick- 
ness, h 
(in.) 


Relative increase in center deflection 


Initial de- 
flection 
per unit 

thickness. 
Wi/h 


KirchhotT plate 
w 0 /h«l 


Membrane 

Wolh»\ 


Initial 
tension, 
equal Ion 
(la) 


Rotation 
of edges, 
equation 

(2) 


Radial eon- 
traction of 
clamping 

ring, equa- 
tion (3) 

{&WolW 0 o)c 


A 


0. 0032 


0.00 


(l.(K)00 


0. ootid 


0. (H)3 


B 


. QBQ4 


-. 14 


. 0000 


.0052 


-.034 


C 


.0406 


-. 13 


.0000 


. 0043 


-.020 


1) 


. 0723 


. 13 


. (M)00 


.007(1 


.001 


K 


.OO/iN 


-.01 


.0000 


. 0009 


-. 003 


K 


. 0525 


-.03 


. 0000 


. 0055 


-.000 


Q 


.0453 


-.02 


. 0000 


. 0048 


-. 009 


11 


. 0387 


»-.27 


. 0000 


.004] 


-.049 


I 


. 0300 


»-.()4 


.0000 


.0031 


.043 


J 


. 0257 


18 


. 0000 


.0027 


-.004 


K 


.0211 


<*-.08 


.0000 


. 0022 


. 109 




. 0627 


.00 


. 0000 


.(Hit if, 


-.001 


.\i 


. 0320 


■-.20 


.0000 


.01 KM 


-. 450 


N 


. 0309 


".00 


.(XXX) 


. 0022 


-.079 


O 


.0150 


•50 


.0000 


.(H) 15 


-.500 


P 


.0184 


«-.27 


. 0000 


.(H) 19 


-. 141 


Q 


.0149 


»-.32 


. 0000 


.(H) Hi 


.038 


| 


. 0109 


»-.48 


.0000 


. (H>57 


. 130 




.0411 


». 01 


.0000 


. 0020 


.083 



From comparison with Way at low pressures. 
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Positive directions of axes and angles (forces and moments) are shown by arrows 



Axis 


Force 
(parallel 
to axis) 
symbol 


Moment about axis 


Angle 


Velocities 


Designation 


Sym- 
bol 


Designation 


Sym- 
bol 


Positive 
direction 


Designa- 
tion 


Sym- 
bol 


Linear 
(compo- 
nent along 
axis) 


Angular 


Longitudinal 


X 
Y 
Z 


X 
Y 
Z 


Rolling 


L 
M 
N 


Y >Z 

z — >x 
x — >y 


Roll 

Pitch 

Yaw 


<p 
e 


u 

V 

w 


V 
r 


Lateral 

Normal 


Pitching 

Yawing 



Absolute coefficients of moment 

U ~qbS Vm ~^E L *-$S 
(rolling) (pitching) (yawing) 



Angle of set of control surface (relative to neutral 
position), 5. (Indicate surface by proper subscript.) 



4. PROPELLER SYMBOLS 



D 

V 

P/D 
V 

y, 

T 
Q 



Diameter 
Geometric pitch 
Pitch ratio 
Inflow velocity 
Slipstream velocity 

T 

Thrust, absolute coefficient C T = — *™ 

pn 2 D* 

Torque, absolute coefficient C Q ^ — 



P 

C s 

n 



Power, absolute coefficient 0 P = 



Speed-power coefficient =^pj^ 2 
Efficiency 

Revolutions per second, rps 
Effective helix angle 



pn 2 D* 

5. NUMERICAL RELATIONS 



= tan-^ 



1 hp =76. 04 kg-m/s=550 ft-lb/sec 
1 metric horsepower= 0.9863 hp 
1 mph= 0.4470 mps 
1 mps= 2.2369 mph 



1 lb=0.4536 kg 

1 kg= 2.2046 lb 

1 mi= 1,609.35 m=5,280 ft 

1 m=3.2808 ft 



